Abstract. In this study the flow field of a nonlocal, diffusive upper convected Maxwell (UCM) fluid with a polymer in 3 a solvent undergoing shearing motion is investigated for pressure driven planar channel flow and the free boundary problem 4 of a liquid layer on a solid substrate. For large ratios of the zero shear polymer viscosity to the solvent viscosity, it is shown 5 that channel flows exhibit boundary layers at the channel walls. In addition, for increasing stress diffusion the flow field away 6 from the boundary layers undergoes a transition from a parabolic to a plug flow. Using experimental data for the wormlike 7 micelle solutions CTAB/NaSal and CPyCl/NaSal, it is shown that the analytic solution of the governing equations predicts 8 these signatures of the velocity profiles. Corresponding flow structures and transitions are found for the free boundary problem 9 of a thin layer sheared along a solid substrate. Matched asymptotic expansions are used to first derive sharp-interface models 10 describing the bulk flow with expressions for an apparent slip for the boundary conditions, obtained by matching to the flow in 11 the boundary layers. For a thin film geometry several asymptotic regimes are identified in terms of the order of magnitude of 12 the stress diffusion, and corresponding new thin film models with a slip boundary condition are derived. 13
solid-substrate systems, some of which are described in the reviews by Lauga et al. [16] or in Léger [17] .
26
For polymer solutions or dilute polymer emulsions, analysis of the motion of the polymer chains within 27 the thin interfacial region between the solid and the polymer suggest higher shear rates and lower viscosity 28 within the interfacial region leading to an apparent velocity discontinuity and hence to an apparent slip, as 29 discussed in [2, 3, 7] .
30
Further extensions of these studies regarding polymer-polymer apparent slip can be found in [1] . For 31 a large class of colloidal suspensions apparent slip as well as shear banding are discussed in the review by 32 Ballesta et al. [4] . For other complex liquids such as wormlike micellar solutions, slip also may relate to the 33 occurrence of shear banding, which is closely related to a plateau region in the shear stress versus shear rate 34 flow curve, which has been examined for example [11, 15, 18, 24, 26, 27, 28] .
35
In channel flow experiments these wormlike micellar solutions show a thin band of high shear rate flow also the transitions in flow structure for polymer solutions, we focus here on a model system much simpler 43 than the VCM model, and employ an UCM model with sress diffusion [9] in a water solvent.
44
We address first the pressure driven planar channel flow, which has been investigated in [8] . After 45 we formulate the boundary value problem in Section 2, we derive, in Section 3, an exact solution to the For D t = ∂ t + u ∂ x + w ∂ z , conservation of momentum can be written as
where
is the total stress,γ = ∇ v + (∇ v ) t the strain rate and the superscript t denotes the transpose. Here τ p = −A + G 0 I denotes the polymer stress, which is governed by
The density is denoted by ρ, the solvent viscosity by η s , and the zero shear viscosity of the solution by η 0 . The latter is the sum of the solvent viscosity and the contribution η 0 p = G 0 λ from the micelles, that is, η 0 = η s + η 0 p , where λ is the relaxation time of the micelles and G 0 is the shear modulus at zero strain rate. We denote the upper convected derivative of a quantity f by
The addition of the stress diffusion term is discussed in [8, 9] . The boundary conditions for the problem are as follows. At z = 0:
and, because of the diffusion term, we also need boundary conditions on the stress. We assume no flux of conformation across boundaries hence
At the free surface z = h , we have
where F (x , h (x , t ), t ) = z − h (x , t ) = 0 defines the location of the free surface. This results in the kinematic condition
90
The normal stress balance at the free surface is
where κ = ∇ · n is the curvature of the surface and σ is the surface tension of the film/air interface. We define the jump in a function f across the film/air interface as [[f ]] = f air − f film . We further assume that the air is a passive gas with zero stress components and pressure. The tangential stress balance is given by
at the surface. Due to the inclusion of stress diffusion we need a boundary condition on stress at the free surface. Using the no flux boundary conditions of conformation gives
on the free surface. In detail, the normal and tangential stress boundary conditions are, respectively,
We have made use of
We non-dimensionalize the governing equations by setting
Here H is the the characteristic thickness of the film, the characteristic length along it. U the characteristic 112 speed along the film. The following non-dimensional parameters arise:
114
Re is the Reynolds number, De is the Deborah number, δ is the nondimensional stress diffusion parameter 115 and D t = ∂ t + u∂ x + w∂ z . We note that in this study, we scale the pressure larger than the polymer stress 116 terms. However, other choices where pressure and polymer stress are of the same order may also become 117 relevant. In the momentum equation we balance
119
For the derivation of the lubrication problem with a free boundary, we require that at the free boundary the 120 pressure p is balanced by surface tension. Hence, in the normal stress condition we let
We have used
as well as
3. Boundary layers in planar channel flow. To study the effect of the parameters α and δ, we first 157 consider the problem of planar channel flow, where we can find explicit solutions [8] . In this case, we normalize 158 with the width of the channel h so that the cross-stream variable is −1/2 < z < 1/2. The boundary conditions 159 at each side wall (z = ±1/2) are those of no slip, u = 0, and no flux of conformation/stress, ∂ z A ij = 0 with 160 i = x, z and j = x, z. Consistent with parallel shear flow, we assume that w = 0 and that ∂ x p and all other 161 variables are independent of x. We then obtain from (2.4f) and (2.4g) that A zz = 1. Using this in (2.4e),
162
solving for ∂ z u, inserting the result into (2.4b) and integrating the latter once, we obtain
164
The constant of integration c = 0 can be set to zero if we assume the flow field is symmetric about z = 0, 165 that is, u is an even function in z. Integrating (3.1) and using (2.4g) gives
167
Substituting into the first integral of the momentum equation gives the velocity component along the channel:
171
(3.3b)
172
This velocity distribution can develop boundary layers and plug flow depending on the sizes of α and δ.
173
To see this, we consider the two terms T 1 and T 2 in (3.3) for fixed channel width. First consider α and the 174 no-slip boundary condition; a boundary layer occurs when α in the cosh's in T 2 is small,
175
(3.4) α 1.
176
For α 1 and |z| < 1/2 fixed, T 2 → δ which will not satisfy a no-slip boundary condition. On the other 177 hand,ẑ → ±1/2 for fixed α leads to T 2 → 0, which does satisfy the no-slip requirement; the different limits the formation of boundary layers and the transition to plug flow is linked to the presence of stress diffusion.
199
As an example we show some typical parameter values for CTAB/NaSal and CPyCl/NaSal solutions 200 of different concentrations and channel widths in Table 1 decreases dramatically for CPyCl/NaSal, and therefore the trends in δ are also reversed.
210
Returning to consider a fixed δ > 0, we note that the asymptotic structure of the flow for α can be used
211
to interpret the effect of δ as a slip length on the outer solution i.e. at an O(1) distance from the walls. The 212 leading order outer solution is obtained by taking the limit α → 0 in (3.3) for fixed δ and z, with |z| < 1/2,
Interestingly, the resulting flow profile has the same parabolic form as for a Newtonian flow in a channel 216 except that it does not satisfy the no-slip condition at z = ±1/2. The finite slip velocity at the walls can be 217 used to define a slip length via the Navier-slip condition
suggesting a slip length of 2 δ.
220
If we now consider the sub-limit δ 1, we expect to see the shear stress at the wall to drop to zero and 221 thus the development of plug flow. Indeed, if we rescale u = δū, we get in the limit δ → ∞ that
which is constant in z.
224
For this upper convected Maxwell model, we have shown that the limit of small α, corresponding to small 225 solvent viscosity, results in boundary layers at the walls of the channel. Furthermore, for large δ, corresponding 226 to thin films relative to the polymer stress diffusion length, plug flow develops in the interior of the channel.
227
We now move on to consider a thin film with a deforming free surface and use these results to approximate 228 the velocity field and polymer stress distribution inside the flowing fluid. With those approximate flow and 229 stress fields, we derive equations for the film thickness and leading order polymer stress in different limits. 4. Sharp-interface limit for the free boundary flow. We now consider flow on the domain 0 ≤ 231 z ≤ h(x, t) with overall dimensional thickness H as before. The free surface at z = h must be found as 232 part of the problem as is typical, and there is still a no-slip and impenetrable substrate at z = 0. We derive [5] . The units for λ, U and H are s and m/s and m, respectively. Here ρ = 10 3 kg/m 3 and U is chosen by making Ca = 1, Ds = 10 −9 m 2 /s and ηs = 10 −3 kg/m s. Note that Ca = 1 enforces Sp =Re. Fig. 2 . Velocity profiles for different ratios concentrations of CTAB/NaSal and CPyCl/NaSal solutions and channel widths as given in Table 1 . H is smaller for the velocity profiles that are closer to plug flow near z = 0. 4.1. Outer problem. We first treat the flow away from the boundaries. We assume the outer variables 239 depend on x, z and t, and that they can be expanded in a regular expansion in α:
Then, to leading order in α mass and momentum conservation become
For the polymer part of the deviatoric stress, the equations are as follows:
The boundary conditions at z = 0 and z = h need to be obtained from matching to solutions of appropriate 251 boundary layer problems. 
255
The inner dependent variables are denoted byũ,w,p andÃ ij and the inner problem is now
At ζ = 0, the boundary conditions are 263 (4.5)ũ =w = 0 and ∂ ζÃij = 0, 264 with i = x, ζ and j = x, ζ. We again expand the solution as a regular perturbation series in α:
To leading order, the inner problem is
with the boundary conditions at ζ = 0: From (4.6a) and (4.6g),w (0) = 0. From (4.6f) and (4.6g),Ã
ij is a function of x and t only. Hence from
279
(4.6c),p (0) is also independent of ζ.
280
The next order problem can be written as
xz , (4.7b)
xz , (4.7e) From (4.7f) and (4.7g), we see thatÃ (1) zz is a function of x and t only, and from (4.7c), the same follows for 
305
Using this in (4.7b) gives
306Ã
(1)
Due to the last equation in (4.7g), we have
De ,
310
so that
Notice that w (1) can now be obtained by introducing (4.16a) into (4.7a) and using the boundary condtions 314 (4.7g). However,Ã
zz depends on x so the differentiation in (4.7a) creates a rather complicated expression that
315
we do not need in this paper; we omit the explicit result here. For similar reasons, we also skip determining
xx , which can in principle be obtained from (4.7e), (4.16), and (4.7g).
317
Matching outer solution (at z = 0) to the inner (as ζ → ∞) yields the following boundary conditions for 318 the leading order outer problem (4.2): 
Integrating (4.18a) with respect to ζ and using (4.19a) results in 341 (4.20) ij (x, t).
346
Inserting this into (4.18c) gives similarly thatp 0 is independent of ζ 347
348
These four functions of x and t need to satisfy the boundary conditions (4.19b) and (4.19c), which matching 349 then passes on to the leading order outer problem. Summarising, we obtain the following conditions at z = h 350 for the leading order outer variables
ij and p (0) (without the tilde),
We are now ready to proceed to deriving a thin film flow models. 5. Thin film models. In this section, we derive thin film models for the limit of small film thickness 
We apply the following at z = 0 :
and at z = h :
Note that (5.1l) arises from matching and it is derived in the appendix. We have dropped the superscript 381 "(0)" from the variables for convenience. 
390
Then from (5.1d),
Using (5.1g), (5.2) and A zz = 1 gives the following boundary condition at z = 0: 
409
For conservation of mass, we have
For momentum conservation,
For the polymer part of the deviatoric stress, the equations are as follows.
Note that our choice of large pressure makes it larger than the leading order A zz term.
419
The boundary conditions are, at z = 0, 420 (5.12g) u = w = 0 and ∂ z A ij = 0, 421 with i = x, z and j = x, z.
422
On the free surface z = h,
To solve this system, first consider A zz since it is a linear equation. Applying the homogeneous Neumann 
The solution which satisfies the boundary conditions (5.12g) and (5.12k) is
Since ∂ z p = 0 in the film, then the normal stress boundary conditions determines that
The solution for u is then
The evolution of the free boundary h(x, t) is given by are covered by the above asymptotic cases, see Table 1 . However, further asymptotic regimes that account 
464
Note that our choice of large pressure i.e. of the scaling G 0 /ε for p in (2.2) makes it larger than the leading 472 order A zz term. 
476
We now turn to the free surface boundary conditions at z = h(x, t). We have
478
479
(5.22i) Table 1 we see that this is readily achieved.
497
He we see the consequence of our choice that the pressure is larger than the leading order A zz term. 
513
The solution for A zz is 514 (5.34)
with an unknown (but z-independent) function A 1 . Furthermore, 
522
Letting α → 0 we find
.
524
Using this in (5.35) yields (in the same limit)
. 
529
For simplicity let Re 1 be negligible. In the bulk, we only need to consider (5.22f), which becomes 
zz ; (5.43) 540 541
and for the boundary conditions at z = 0 and z = h(x, t),
We then substitute the solution from (5.34) into (5.43) and integrate with respect to z from 0 to h(x, t);
544
using the boundary condtions yields the solvabilitiy condition
545
(5.45)
where we have omitted the superscripts from u. Note that u from (5.39) is independent of z so that mass 
We note that in the limit d 1, we obtain A 1 ≡ 1 and thus get from (5.47b)
This is the same evolution equation that results from the δ → ∞ limit of (5.10) after rescaling time according 554 to (5.21). We now turn to solving a simple example problem from this system. an infinite domain. We find that these uniform states are stable, so this is analogous to the leveling problem
558
[25]. We may write
559
(5.48) h(x, t) = 1 +˜ H(t)e ikx and A 1 (x, t) = 1 +˜ A(t)e ikx , 560 where˜ 1 and the amplitudes H and A may be complex valued (we omitted the complex conjugate term our stability analysis for these models together with numerical solutions of the thin-film models.
We now determine A zz , which is in fact the leading order approximation of the outer solution, i.e. A (0) zz .
620
Matching also requires the next order correction to the inner problem near z = h. In terms of the inner 
675
(This is satisfied if we restrict our attention to flows that do not deviate much from channel flow, so that
zz ∼ 1 and ε is small.) The exponentially growing solution is not matchable, and hence that contribution
